Abstract.
Let Vk (k^.2) denote the class of functions/(z) which are analytic in the unit disc £={z:|z|<l}, normalized by/(0)=0 and/'(0) = l, have nonvanishing derivatives in £, and map E onto a domain which has boundary rotation at most k-n. If Ac = 2, then Vk is precisely the set of univalent functions which map E onto a convex domain. If 2</r5!4, then Vk is a subset of the functions which map E onto a close-to-convex domain ( [1] , [6] ). Finally, if/V>4, then functions in Vk need not be close-to-convex or even univalent. In this paper we determine the radius of close-to-convexity of Vk for each k, i.e. the radius of the largest disc centered at the origin which is mapped onto a close-to-convex domain by all/in Vk. The techniques used are similar to those used by Krzyz in determining the radius of closeto-convexity of the class of univalent functions [2] . Some related problems were posed by M. O. Reade [5] . Proof. Kaplan [1] has shown that a necessary and sufficient condition fora function/(z), regular in fand satisfying f'(z)?±0; to map |z|=ronto H. B. COONCE AND M. R. Z1EGLER
[September a close-to-convex curve is that
for all z, and z2 with |z,|=r and z2 = z1e'e, 0<6<2ir. The radius of closeto-convexity of Vk is the largest value of r for which (2) holds for all/(z) in Vk. The radius of convexity Rk of Vk is the smallest positive root of the equation 1-kr+r2=0;
R2=l and Rk<l when k>2 [3] . Clearly the radius of close-to-convexity is larger than Rk when /c>2 and equal to Rk when k=2, hence we assume throughout the remainder of this work that r>Rk and k>2.
Define (3) A(r, 0) = inf aig[zjïzt)lzj'(zj], where z1 and z2 are defined as above and the argument is chosen to vary continuously from an initial value of zero. Let £=(z-z,)/(l -zxz) and £o=(z2 -zf)\i\-zxz2) and define g(Q by
Robertson has shown thatg(z) is in Kfc whenever/(z) is in Ffc [7] . Evaluating g'(£0) directly yields Re{/'(z)} >0 is a sufficient condition for close-to-convexity, hence rk~^-n\2k. An examination of the mapping properties of the function
shows that the radius of univalence p,. of/0(z) satisfies p,. = csc(27r/A:) -cot(27r/rc). Since lim kpk=tr (k^-cc), we have x = lim supArA.*£7T (k^>-co). If {kn} is any sequence such that Iim k"rt =<x (« -*x), then it follows from (1) that a satisfies (7) . However a differentiation of (7) shows the left-hand side to be a monotonie decreasing function and thus Iim krt. (k-*co) must exist and is the unique root of (7).
